Einstein's field equations are solved exactly for static charged dust distributions. These solutions generalize the Majumdar-Papapetrou metrics. Maxwell's equations lead to the equality of charge and mass densities of the dust distrubition. Einstein's equations reduce to a nonlinear version of Poisson's equation.
INTRODUCTION
Majumdar-Papapetrou ͑MP͒ metrics ͓1,2͔ describe the exterior gravitational field of static objects ͑discrete point sources, line charges, point dipoles, charged dusts, etc.͒. The line element of the corresponding metric is given by
where f is a function of x i and the electromagnetic potential four vector is given by A u ϭ(A 0 ,0,0,0). Letting f ϭ1/ 2 and A 0 ϭk/ with k 2 ϭ1 one can then reduce the electrovacuum field equations to the Laplace equation ٌ 2 ϭ0. The solution of the Laplace equation corresponding to discrete point sources is given by
In this solution the charge and mass of each point source are equal, e i ϭm i . These metrics describe multiple extreme black-hole solutions of Einstein's theory of gravity in a conformostatic space-time ͓3,4͔. They are also exact solutions of the low energy limit of string theory ͓5͔ which respect supersymmetry ͓6,7͔. There are also other possible solutions of the Laplace equation but the space-time geometries corresponding to these solutions have naked singularities ͓3͔. To this end it is important to find interior solutions to remove such singularities. An extension of the MP metrics has been studied a long time ago by Das ͓8͔. He considered the charged dust solutions of the static Einstein field equations. His interest was to find the conditions for an extreme case. He showed ͑in his notation͒ that the g 44 component of the metric and A 4 component of the vector potential are related, g 44 ϭaϩbA 4 ϩ4A 4 2 , in order for the charge e and mass densities to be equal, e ϭϮ. He did not investigate the rest of the field equations.
CHARGED DUST CLOUDS
In this work we consider the same problem as Das, a generalization of the MP metrics to the case of a continuous charged dust distribution ͑a charged perfect fluid with zero pressure͒. The energy momentum tensor is the sum of the energy momentum tensors of the Maxwell field and a dust distribution. We investigate the complete Einstein field equations for charged dust distributions in a conformostatic space-time. We first show that Einstein field equations reduce to a nonlinear potential equation. We then show that the charge and mass densities are directly related, e ϭϮ. This relation is not an assumption but arises as a result of the field equations.
Let M be a four dimensional spacetime with the line element ͑1͒. Here Latin letters represent the space indices and ␦ i j is the three dimensional Kronecker delta. In this work we shall use the same convention as in ͓9͔. The only difference is that we use Greek letters for four dimensional indices. Here M is static. It is useful to write the metric tensor in a more elegant form. It is given by
where 1 ϭdiag(0,1,1,1) and u ϭͱf ␦ 0 . The inverse metric is given by
where 2 ϭdiag (0,1,1,1) and u
Here u is a timelike four vector, u u ϭϪ1. The Ricci scalar and Einstein tensor components corresponding to the conformostatic metric ͑1͒ are given by
where ٌ 2 denotes the three dimensional Laplace operator in Cartesian flat coordinates. The Maxwell antisymmetric tensor and the corresponding energy momentum tensor are respectively given by *Email address: gurses@fen.bilkent.edu.tr
where F 2 ϭF F . The current vector j is defined as
Here we should assume A i ϭ0. Then
The Einstein field equations for a charged dust distribution are given by
where is the energy density of the charged dust distribution and the four velocity of the dust is the same vector u appearing in the metric tensor. We find that j ϭϪ e u , where
is the charge density of the dust distribution. Let be a real function depending on the space coordinates x i . Einstein's equation G i j ϭ8T i j forces us to choose A 0 ϭkͱf or
where kϭϮ1. Then the remaining field equation G 00 ϭ8T 00 reduces simply to the following equations:
These equations represent the Einstein and Maxwell equations, respectively. In particular the first equation ͑17͒ is a generalization of the Poisson's potential equation in Newtonian gravity. In the Newtonian approximation ϭ1ϩV, Eq. ͑17͒ reduces to the Poisson equation, ٌ 2 Vϩ4ϭ0. Hence for any physical mass density of the dust distribution we solve the equation ͑17͒ to find the function . This determines the space-time metric completely. As an example for a constant mass density ϭ 0 Ͼ0 we find that
Here l i is a constant three vector, a 2 ϭl i l i and cn is one of the Jacobi elliptic functions with modulus square equals 1 2 . This is a model universe which is filled by an ͑extreme͒ charged dust with a constant mass density.
INTERIOR SOLUTIONS †10 ‡
In an asymptotically flat space-time, the function asymptotically obeys the boundary condition →1. In this case we can establish the equality of mass and charge eϭ Ϯm 0 , where m 0 ϭ͐ͱϪgd 3 x. For physical considerations our extended MP space-times may be divided into inner and outer regions. The inner and outer regions are defined as the regions where i Ͼ0 and ϭ0, respectively. Here i ϭ1,2, . . . ,N, where N represents the number of regions. The gravitational fields of the outer regions are described by any solution of the Laplace equation ٌ 2 ϭ0 , for instance by the MP metrics. As an example the extreme Reissner-Nordström ͑RN͒ metric ͑for rϾR 0 ), ϭ1ϩm 0 /r, may be matched to a metric with
describing the gravitational field of an inner region filled by a spherically symmetric charged dust distribution with a mass density
Here (0)ϭ1/4a 2 , r 2 ϭx i x i , and a and b are constants to be determined in terms of the radius R 0 of the boundary and total mass m 0 ͓or in terms of (0)]. They are given by
In this way one may eliminate the singularities of the outer solutions by matching them to an inner solution with a physical mass density. We can extend the above solution to N charged dust spheres by letting the mass density ϭb 2 /4 2 where we have the complete solution of Eq. ͑17͒, 
͑24͒
and Y l,m are the spherical harmonics. The constants a l,m are determined when this solution is matched to an outer solution with ٌ 2 ϭ0. The interior solution given above for the extreme RN metric (Nϭ1) with density ͑21͒ correspond to lϭ0.
